Abstract. We estimate the dimension of the variety of homomorphisms from Γ to SO(p, q) with Zariski dense image, where Γ is a Fuchsian group, and SO(p, q) is the indefinite special orthogonal group with signature (p, q).
Introduction
From a differential geometric point of view, the motivation to study representation varieties arises from the fact that Hom(Γ, G) can be identified with the space of pointed flat connections on principal Gbundles over M, where M is a smooth manifold and Γ is its fundamental group, and G is a Lie group; more precisely, the quotient Hom(Γ, G)/G corresponding to the natural conjugation of G on Hom(Γ, G) corresponds to the moduli space of flat connections on principal G-bundles over M. We need some notation to discuss the related work and our result.
Let Γ be a finitely generated group and let G be a linear algebraic group defined over R. The set of homomorphisms Hom(Γ, G(R)) coincides with the real points of the representation variety X Γ,G := Hom(Γ, G). Let X epi Γ,G denote the Zariski closure of the set of representations Γ → G(R) with Zariski-dense image. (We note here, that by a variety, we mean an affine scheme of finite type over R. In particular, we do not assume that it is irreducible or reduced). In a recent work, using the results from the theory of finite quotients of Fuchsian groups, Liebeck and Shalev [LS] studied the representations of cocompact oriented Fuchsian groups of genus g ≥ 2 and cocompact non-oriented Fuchsian groups of genus g ≥ 3, in semisimple linear algebraic groups. An explicit formula for the dimension of Hom(Γ, G) is given in the case when G is a connected simple algebraic group over an algebraically closed field of arbitrary characteristic. On the other hand, based on the deformation theory of Weil [We] , Larsen and Lubotzky [LL] studied the representation variety of cocompact oriented Fuchsian groups Γ of genus g ≥ 0 in almost-simple real algebraic groups. (From now onward, we mean by Fuchisan group a cocompact oriented Fuchsian group of genus g ≥ 0). An estimate of the dimension of X epi Γ,G , is given in the following cases:
(1) Γ is any Fuchsian group and G is SO(n), SU(n), any split simple real algebraic group. (2) Γ is a SO(3)-dense Fuchsian group and G is any compact simple real algebraic group. We note here, a Fuchsian group Γ is said to be H-dense, where H is an almost simple algebraic group, if there exists a homomorphism φ : Γ → H with dense image and φ is injective for all finite cyclic subgroups of Γ [LL, Definition 1.1].
The dimension of X epi Γ,G in these cases turns out to be roughly of the order (1 − χ(Γ)) dim G, where χ(Γ) is the Euler characteristic of Γ. The main goal of this paper is to show that a similar estimate on the dimension of X epi Γ,G holds in the case when G is a noncompact nonsplit almost simple real algebraic group of types B II, D II. Note, in these cases G is isogenous to the indefinite special orthogonal group SO(p, q) of signature (p, q).
We recall some terminology before we state the main Theorem. A cocompact oriented Fuchsian group Γ admits a presentation of the following kind: consider non-negative integers m and g and integers d 1 , . . . , d m greater than or equal to 2, such that, its Euler characteristic Now, we state the main Theorem of the paper. Theorem 1.1. For every Fuchsian group Γ, and for every indefinite special orthogonal group G := SO(p, q), where p = q, q = p + 1, and p, q sufficiently large, dim X epi Γ,G = (1 − χ(Γ)) dim G + O(rank G), where the implicit constants depend only on Γ.
The proof of the Theorem is based on deformation theory of [We] and the work of Larsen and Lubotzky [LL] . While the upper bound follows almost immediately from the work of Larsen and Lubotzky, establishing a lower bound is difficult. A brief sketch of the proof follows.
For any finitely generated group Γ and any linear algebraic group G, the Zariski tangent space at any point ρ ∈ X Γ,G is given by the space of 1-cocycles Z 1 (Γ, Ad • ρ), where Ad is the adjoint representation of G in its Lie algebra g. Furthermore, the dimension of Z 1 (Γ, Ad • ρ) is given by the following formula [We] :
Based on this formula, an upper bound on the dimension of Z 1 (Γ, Ad •ρ), is given by
contains a point ρ with Zariski dense in G(R), the dimension of C(R) is bounded above the dimension of Z 1 (Γ, Ad •ρ). The upper bound on X epi Γ,G follows. Informally, the proof of the lower bound estimate is as follows. By using the results of Larsen and Lubotzky on the existence of representations ρ : Γ → SO(n) with Zariski dense image, we construct a representation a representation ρ 0 : Γ → SO(p, q) with Zariski dense image in SO(p) × SO(q). As it turns out, ρ 0 is a nonsingular point and therefore belongs to unique irreducible component C of X Γ, SO(p,q) . Furthermore, by the Implicit Function Theorem there exists an open neighborhood U of ρ 0 in C diffeomorphic to R d , where d is the dimension of Zariski-tangent space at ρ 0 . Most of the emphasis in this paper is to show that the neighborhood U may be chosen not to contain representations of the following types:
(1) Representations which stabilize some d-dimensional subspace where d = p, q, dim V or which stabilize a p-dimensional isotropic subspace of V , where V denotes the natural representation of SO(p, q). (2) Representations ρ : Γ → SO(p, q) such that the semisimple of the Zariski-closure of the image of ρ is strictly less than the semisimple rank of SO(p) × SO(q). The former case uses the theory of symmetric bilinear forms, and is easy. The latter case uses the theory of semisimple algebraic groups, and requires some work. In the end, we have the following result: Theorem 1.2. Let ρ 0 : Γ → SO(p, q) be a representation with dense image in SO(p) ×SO(q). Suppose p < q, q = p + 1, and p, q sufficiently large. Then, there is a nonempty open neighborhood of ρ 0 in X Γ, SO(p,q) (in the real topology), such that each point ρ in the neighborhood satisfies precisely one of the following conditions:
Now, using the Deformation Theory of Weil [We] , we show that the representations of the type (b) given by the Theorem 1.2 constitute a proper closed subvariety in U, whence the representations of type (a) constitutes a Zariski dense subset of the irreducible component C. It follows that C is contained in X epi Γ, SO(p,q) , and a lower bound on dim X epi Γ, SO(p,q) is obtained by computing dim C which in turn is equal to the dimension of the Zariski tangent space at ρ 0 .
Along the way in proving Theorem 1.2 we prove the following Theorem, which may be of independent interest. Proposition 1.3. (Maximal subgroup avoidance) Let Γ be a finitely generated group, and let G be a semisimple real algebraic subgroup of SL(n). Let K be a semisimple subgroup of G and let ρ : Γ → G be a representation of Γ with dense image in K. Let {H 1 , . . . , H r } represent a finite set of conjugacy classes of proper reductive subgroups of G. Suppose, for each i, the semisimple rank of H i is strictly less than the semisimple rank of K. Then there exists an element γ ∈ Γ such that ρ 0 (γ) / ∈ gH i g −1 for each i (1 ≤ i ≤ r) and for each g ∈ G.
The paper is organized as follows. In §2 we consider word maps on semisimple algebraic groups and prove Proposition 1.3. In §3 we begin the analysis of representation variety X Γ, SO(p,q) and prove Theorem 1.2. In §4 we prove the main result. In §5 we comment on the possibility of extending these results to include other types of noncompact nonsplit real algebraic groups.
All F uchsian groups in this paper are assumed to be cocompact and oriented. A variety is an affine scheme of finite type over R. Points are R-points and non-singular points should be understood schemetheoretically. For a subset Y of an affine algebraic subvariety X, we mean by Y the Zariski-closure of Y in X. Also, we mean by R-open subset the open subset considered in the real topology. Unless otherwise stated, all topological notions should be understood in the Zariski topology. Of course, the notion of compactness should be understood in the real topology. An algebraic group will mean a linear algebraic group over R. The identity component of an algebraic group G is denoted by G • . For a subgroup H of an algebraic G, we denote the semisimple rank of H by rank ss H.
I would like to express my sincere gratitude to my adviser, Michael Larsen, for his endless patience and encouragement during the course of this work. Also, I would like to thank him for the invaluable comments on the exposition of the work.
2. Semisimple algebraic groups 2.1. Maximal subgroups of semisimple real algebraic groups. The essential aspect in computing the dimension of the set of homomorphisms ρ : Γ → G(R) with Zariski-dense image in G(R), is to establish that there is at least one such homomorphism. The basic idea is to sieve all those representations with image contained in a proper closed subgroup of G(R). So, it is desirable to have some control over the maximal proper closed subgroups of G(R); semisimple algebraic groups offer such control, as the following Proposition illustrates.
Proposition 2.1. Let G be an almost simple real algebraic group. There exists a finite set {H 1 , . . . , H k } of proper closed subgroups of G such that every proper closed subgroup is contained in some group of the form gH i g −1 , where g ∈ G(R).
Proof. For a proof refer to Proposition 3.2 [LL] .
Lemma 2.2. Let G be a semisimple real algebraic group and let V be a faithful irreducible representation of G. There exists a finite set {H 1 , . . . , H n } of proper semisimple subgroups of G each of which acts irreducibly on V , and such that every proper semisimple semisimple subgroup that acts irreducibly on V is contained in some group of the form gH i g −1 , where g ∈ G.
Proof. The proof is by induction on the dimension of G. Assume the statement is true for all semisimple real algebraic groups of dimension strictly smaller than the dimension of G. Let {K 1 , . . . , K n } represent the set of conjugacy classes of maximal proper closed subgroups of G. Let H be a proper semisimple subgroup of G and suppose H acts irreducibly on V . Then H is contained in some subgroup of the form
For the ease of notation, let us assume that H is contained in K := K 1 . It is well known that a linear algebraic group with a faithful irreducible representation must be reductive, so K cannot be parabolic, whence K
• must be reductive. (Recall, if K is a maximal proper closed subgroup of G, then either K is parabolic or K
• is reductive [Hu, Theorem 30.4 (a) ]). Now, as H is semisimple, it is contained in the derived group DK := (K • , K • ) of the identity component of K, which is of strictly smaller dimension than the dimension of G. By the induction hypothesis, upto conjugation DK contains finitely many proper semisimple subgroups {H i,1 , . . . , H i,n i } each of which acts irreducibly on V . Therefore H is either DK or contained in some group of the form gH i j g −1 , where g ∈ DK.
2.2. Word maps on semisimple algebraic groups. Let w = w(X 1 , . . . , X m ) (m ≥ 2) be a non-trivial element in the free group F (X 1 , . . . , X m ) on m letters X i , i.e. a non-trivial reduced word in the X i 's with non-zero integral exponents. Then given an algebraic group G, the word w defines a map f w : G m → G, by the rule
Proof. Refer to [Bo1] .
Let H be a closed subgroup of SL(n, R). Given h ∈ H, let X n + a 1 (h)X n−1 + . . . + a n−1 X + (−1) n = 0 be its characteristic polynomial, where a 1 (h), . . ., a n−1 (h) ∈ C. Consider the characteristic morphism of affine varieties χ :
where A n−1 C is the affine space C n−1 . Note, χ is constant on conjugacy classes of elements of H. Proposition 2.4. Let H be a connected semisimple subgroup of SL(n, R).
Proof. The dimension of a variety is invariant under the base extension from R to C, so with out loss of generality we may consider H(C) in SL(n, C). It is well known that any maximal torus T of H extends to a maximal torus of SL(n, C), i.e. T is a subtorus of some maximal torus of SL(n, C), and furthermore since any two maximal tori of SL(n, C) are conjugate, we may further assume that T is a subtorus of the maximal torus in SL(n, C) consisting of diagonal matrices. (Recall, χ is constant on the conjugacy classes).
The set of regular semisimple elements of H contains a nonempty open subset U of H. [Bo, Theorem 12.3] . As, each regular semisimple element can be conjugated into T , tt follows that U is dense in H and we have the following inclusions:
From these inclusions, we have χ(T ) = χ(H), so with out loss of generality we may consider the morphism χ : T → χ(T ). Now, by a wellknown result [Bo] , there exists a nonempty open subset W of χ(T ) contained in χ(T ) such that for each y ∈ W ,
The fiber over y is a conjugacy class in T represented by a diagonal matrix. As the conjugate of a diagonal matrix is obtained by permuting the diagonal entries, it follows that the fiber over y ∈ W consists of at most n! elements, whence dim χ −1 (y) = 0 for each y ∈ W . As the dimension of the quasi-affine variety W is equal to the dimension of the affine variety χ(T ), it follows that dim χ(T ) is equal to the dimension of T ; in other words, dim χ(T ) = rank H.
Proposition 2.5. (Maximal subgroup avoidance) Let Γ be a finitely generated group, and let G be a semisimple real algebraic subgroup of SL(n). Let K be a semisimple subgroup of G and let ρ : Γ → G be a representation of Γ with dense image in K. Let {H 1 , . . . , H r } represent a finite set of conjugacy classes of proper reductive subgroups of G. Suppose, for each i, rank ss H i is strictly less than rank ss K. Then there exists an element γ ∈ Γ such that ρ 0 (γ) / ∈ gH i g −1 for each i (1 ≤ i ≤ r) and for each g ∈ G.
Proof. Let D i := (H 
Let m i be the number of connected components of H i ; let m be the least common multiple of m i . Consider the following composition of morphisms:
where f m is defined as f m (x, y) = x m y m x −m y −m , with x, y ∈ G. We claim that the composite morphism χ•f m •(ρ 0 ×ρ 0 ) has dense image in T . Indeed, by the hypothesis, ρ 0 (Γ) is dense in K, so (ρ 0 ×ρ 0 )(Γ×Γ) is dense in K × K. By the Theorem of Borel 2.3, the morphism f m | K×K is dominant, so there exists a dense open subset U in K contained in f m (K ×K). As χ(K) is also dense in T , it follows that the image of the composite morphism χ•f m •(ρ 0 ×ρ 0 ) is dense in T and the claim follows. Now, as dim S < dim T , there exists a neighborhood W in T such that W ∩S = ∅. Moreover, the neighborhood may be chosen to contain some element χ(γ) ∈ T , where γ = f m (ρ 0 (α), ρ 0 (β)) ∈ U for some α, β ∈ Γ. For the sake of emphasis, let us note that
∈ S, where α, β ∈ Γ, and γ := (α, β) := αβα −1 β −1 . On the other hand, for any pair of elements
Representation Varieties
As we are mainly interested in the representation variety of the Fuchsian groups in indefinite special orthogonal groups, let us reserve the notation Γ to denote Fuchsian groups and G to denote the indefinite special orthogonal group SO(p, q) with signature (p, q). Also, throughout the section, let us assume p < q, q = p + 1, and p, q sufficiently large. Let us denote by V the vector space R p+q on which SO(p, q). Note, V has a canonical quadratic form Q associated to it:
Recall, the stabilizer of Q under the natural action of GL(p + q, R) on V is O(p, q), the indefinite orthogonal group with signature (p, q).
3.1. Nonsingular real point. It is not true, in general, that the set of R-points of a variety X defined over R is nonempty. But, in the case X contains a non-singular real point ρ 0 , there exists an R-open neighborhood ρ 0 diffeomorphic to R d , where d is the dimension of the Zariski-tangent space at ρ 0 . The proof is essentially based on the Implicit Function Theorem in the following well-known result:
Theorem 3.1. Let X ⊂ A n k be an affine scheme of finite type over a field k given by an ideal
. . , c n ∈ k be the values of t i at x. Then the following are equivalent:
(1) X is nonsingular at x of dimension d, and t n−d+1 −c n−d+1 , . . . , t n − c n ) induces a system of local coordinates for X at x; (2) there exists f 1 , . . . , f n−d ∈ I such that the Jacobian matrix
Furthermore, in this case we have that f 1 , . . . , f n−d generates I in a neighborhood of x.
The main goal of this subsection is to show that the representation ρ : Γ → G(R) with Zariski-dense image in SO(p) × SO(q) is a nonsingular point of the representation variety X Γ,G . We begin with some notation. Let M(m, n) denote the R-vector space of matrices of size m × n. Let GL(n) denote the group of invertible matrices of M(n, n). Let I n denote the identity matrix of size n × n. Let Z K (H) denote the centralizer of a subgroup H of a group K.
Lemma 3.2. Let p, q be positive integers greater than or equal to 3. Let H = SO(p) × SO(q). Then, the centralizer of H in G is finite.
, and
To say S ∈ Z G (H) is equivalent to say that the relations AM = MA, DN = ND, BN = MB and CM = NC hold for each M ∈ SO(p) and N ∈ SO(q). As SO(n) acts irreducibly on its natural module R n (n ≥ 3), the relations BN = MB and CM = NC imply B = 0 and C = 0 (take N = I q , M = I p ). It follows that A, B are invertible, and the first two relations imply that A ∈ Z GL(p) (SO(p)) and B ∈ Z GL(q) (SO(q)). As the the centralizer of SO(n) in GL(n) consists of scalar matrices, when n ≥ 3, it follows that A = λI p , and B = µI q , where λ, µ ∈ R * . Thus S must be of the form λI p ⊕ µI q . Furthermore, by definition, S preserves the non-degenerate bilinear form associated to V , so λ = ±1 and µ = ±1, and therefore the centralizer of H in G is finite.
Lemma 3.3. Let ρ ∈ X Γ,G and let H be the closure of the image of ρ(Γ) in G. Suppose the centralizer Z G (H) of H in G is finite. Then, ρ is a non-singular point of X Γ,G .
Proof. Since g is a self-dual G-representation, via., the Killing form, it follows that the Γ-invariant vectors on the coadjoint representation of g is given by (g
and we have (g * ) Γ = {0}, i.e. the coadjoint representation of Γ in g has no Γ-invariant vectors. By the result of Weil [We] , ρ 0 is a non-singular point of X Γ,G .
3.2. Analysis of the neighborhood of a nonsingular point. We begin this subsection by introducing some terminology. Let ρ : Γ → G be a homomorphism of Γ in G. Then V is also a representation of Γ via ρ. We say ρ is dense in G if ρ(Γ) is Zariski dense in G, and say that ρ acts irreducibly on V if ρ(Γ) acts irreducibly on V . Similarly, ρ is said to be conjugate to a subgroup H of G if ρ(Γ) is conjugate to H. The semisimple rank of a representation ρ, denoted rank ss ρ, is defined to be the semisimple rank of the Zariski closure of the image of ρ.
In order to state the results in this section succinctly, we note here two properties of representations.
(P): Let ρ : Γ → G be a representation of Γ in G. For each subgroup Λ of finite index in Γ, ρ(Λ) acts irreducibly on V .
(Q): Let ρ : Γ → G be a representation of Γ in G. For each subgroup Λ of finite index in Γ, ρ(Λ) stabilizes some p-dimensional positive subspace W of V and its q-dimensional orthogonal complement W ⊥ which is a negative subspace of V , and does not stabilize any proper nonzero subspace other than W and W ⊥ .
Let us recall some results from the theory of quadratic spaces and the theory of projective varieties. It is well known that the set Gr(k, V ) of k-dimensional subspaces of V has a natural embedding in P( k V ) as a closed subvariety (called the Grassmannian variety). Informally, in some fixed basis of V , a kdimensional subspace is given in Plücker coordinates, and the variety Gr(k, V ) is the vanishing set of the polynomial relations among the coordinates (called Plücker relations). The flag variety F (V ; n 1 , . . . , n r ), where 1 ≤ n 1 < n 2 < . . . < n r ≤ n, is defined as the set of all chains of subspaces V i of V , such that dimension of the subspace V i is n i :
It is well known that F (V ; n 1 , . . . , n r ) also has a natural embedding as a closed subvariety in Gr(n 1 , V ) × Gr(n 2 , V ) × . . . × Gr(n r , V ). Note, the correspondence W → {0 ⊆ W ⊆ V } establishes a bijection between the set of subspaces of dimension d and the flag variety F (V ; d).
Lemma 3.5. Let k be a fixed positive integer strictly less than dim V . The following properties of ρ ∈ X Γ,G are closed in the real topology:
(1) ρ stabilizes a k-dimensional subspace of V . (2) ρ stabilizes a p-dimensional isotropic subspace of V .
Proof. First, note that the Grassmannian variety Gr(k, V ) is a compact submanifold in P( k V ). On the other hand, let G(V ; 1, p) be the subset of F (V ; 1, p) consisting of flags 0 ⊆ V 1 ⊆ V p ⊆ V such that V 1 is spanned by an isotropic vector. Then, G(V ; 1, p) = π −1 1 (Z(Q)) ∩ F (V ; 1, p), where
is the canonical projection and Z(Q) denotes the variety defined by the quadratic form Q on V . It follows that the G(V ; 1, p) is a compact submanifold in some projective space.
We prove the property (1); the argument for property (2) is similar. Let ρ 1 , ρ 2 , . . . , be a convergent sequence of points in X Γ,G converging to ρ. For each n ≥ 1, let ρ n stabilize some k-dimensional subspace W n of V . As Gr(k, V ) is a compact submanifold in some projective space, the sequence (W i ) i converges in Gr(k, V ), say, to W . The canonical action of G on Gr(k, V ) is continuous in the real topology, so if W n → W in Gr(k, V ) and g n → g in G such that g n stabilizes W n for each n, then g stabilzess W . In particular, the same holds valid when ρ n (γ) → ρ(γ), where γ is any generator of Γ (refer to (1.1)). As ρ is determined by ρ(γ), it follows that if W n → W , ρ n → ρ, and ρ n stabilizes W n for each n, then ρ stabilizes W . Proposition 3.6. Let ρ 0 : Γ → G be a representation with Zariski dense image in SO(p) × SO(q). Then, there is an open neighborhood U of ρ 0 (in the real topology), such that each ρ ∈ U satisfies either the property (P) or the property (Q), but not both.
Proof. Given ρ ∈ X Γ,G , let k ρ denote the minimum of the dimensions of all subspaces stabilized by ρ. Let S k be the set of of representations which stabilize some k-dimensional subspace of V . If ρ stabilizes some k-dimensional subspace of V then it also stabilizes its (p + q − k)-dimensional orthogonal complement, so the set of representations ρ with k ρ = p and k = dim V is the set
which, by Lemma 3.5, is a closed subset in the real topology (note, by assumption p < q and q = p + 1). Clearly, ρ / ∈ S. On the other hand, as ρ 0 does not stabilize any isotropic subspace, by Lemma 3.5, ρ 0 does not belong to the R-closed subset I p consisting of representations each of which stabilizes some p dimensional isotropic subspace of V . Hence
Let Λ be a subgroup of finite index in Γ. Then ρ 0 (Λ) is of finite index in ρ 0 (Γ) = SO(p) × SO(q) which is Zariski-connected, hence ρ 0 (Λ) is also Zariski-dense in SO(p) × SO(q). Proceeding as above, we obtain an R-open neighborhood of ρ 0 | Λ in X Λ,G = {ρ | Λ : ρ ∈ X Γ,G }. As the canonical morphism π :
where Λ ranges over all the finite index subgroups of Γ is the required R-open neighborhood of ρ 0 containing representations each of which satisfy either the property (P) or the property (Q), but not both.
Proposition 3.7. Let ρ 0 : Γ → G be a representation of Γ with dense image in SO(p) × SO(q). Let ρ 1 , ρ 2 , . . . be a convergent sequence of representations converging to ρ 0 , such that for each n, ρ n is contained in a proper semisimple subgroup of G and also acts irreducibly on V . Then, there exists some positive integer N, such that for each n ≥ N, the rank of ρ n is at least the rank of ρ 0 .
Proof. By Proposition 2.2, there exists a finite set of conjugacy classes of proper semisimple subgroups of G, say represented by {H 1 , . . . , H n } where H i is a subgroup of G, satisfying the following three conditions:
(1) Each H i acts irreducibly on V (2) rank ss H i is required to be strictly less than rank ss SO(p) × SO(q) (3) For every proper semisimple subgroup H that acts irreducibly on V is contained in a group of the form gH i g −1 , where g ∈ G. Now, suppose on the contrary that for each positive integer N ≥ 1, there exists a representation ρ n for some n ≥ N such that the rank of ρ n is strictly less than the rank of ρ 0 . Passing onto the subsequence, we may assume, after changing the notation, that the rank of each ρ n is strictly less than the rank of ρ 0 . Then, for each n ≥ 1, ρ n (Γ) ⊆ gH i g −1 , where g ∈ G. As ρ n → ρ, it follows that for each γ ∈ Γ, there exists some i and some g ∈ G such that ρ 0 (γ) ⊆ gH i g −1 , contradicting the Proposition 2.5: there exists an element γ ∈ Γ such that ρ 0 (γ) / ∈ gH i g −1 for each i and for each g ∈ G. The Proposition follows. Now, we prove a result which uses results from the representation theory of semisimple Lie algebras over R.
Proposition 3.9. Let H be a connected maximal proper closed subgroup of G. Let h, resp. so(p) ⊕ so(q), denotes the Lie algebra of H, resp. SO(p) × SO(q). Suppose H acts irreducibly on V . Then, rank ss h < rank ss (so(p) ⊕ so(q)).
Proof. Let n = p + q. As H acts irreducibly on V , the Lie algebra h of H also acts irreducibly on V . The maximal subalgebras of g which act irreducibly on V fall into three types: simple subalgebras of g which act irreducibly on V ⊗ C, non-simple subalgebras of g which act irreducibly on V ⊗ C, and subalgebras of g which act reducibly on V ⊗C. Consider the first type. By the proof of Theorem 1 [GLM] , every non-trivial irreducible representation of a simple Lie algebra of rank r, other than the natural representation and its dual, has dimension at least
⌋ + 1 which is strictly less than r 2 − 1 when r ≥ 6, it follows that V cannot be an irreducible representation of h. Therefore, subalgebras with rank r at least the rank of so(p) × so(q) cannot act irreducibly on V when r is sufficiently large. On the other hand, the maximal subalgebras h of the second and the third type are given by Taufik [Ta, Theorems 1, 3, 4] ; in each case the semisimple rank of h is strictly less than the semisimple rank of so(p) × so(q):
(1) maximal subalgebras of g that act reducibly on
The semisimple rank of u(p/2, q/2) is (p + q)/2 −1, which is strictly less than the semisimple rank of so(p) ⊕ so(q), which is p/2 + q/2. On the other hand, by assumption p = q, so case (b) cannot arise. (2) non-simple subalgebras of g which that irreducibly on V ⊗ C:
(a) so(p 1 , q 1 ) ⊗ I + I ⊗ so(p 2 , q 2 ), where
By hypothesis p = q, so cases (b) and (c) cannot arise. In the remaining cases (a) and (d), the ranks of the subalgebras are at most ⌊
⌋ and (p 1 + q 1 ) + (p 2 + q 2 ) respectively, both of which are strictly less than ⌊(p+q)/2⌋ when p and q are sufficiently large.
We now prove the main result of this section. Recall the terminology introduced at the beginning of the section. We say ρ is dense in G if ρ(Γ) is Zariski dense in G. ρ is said to act irreducibly on V if ρ(Γ) acts irreducibly on V . Similarly, ρ is said to be conjugate to a subgroup H of G if ρ(Γ) is conjugate to H. The semisimple rank of a representation ρ, denoted rank ss ρ, is defined to be the semisimple rank of the Zariski closure of the image of ρ.
Theorem 3.10. Let ρ 0 : Γ → G be a point in X Γ,G with dense image in SO(p) × SO(q). Then, there is a nonempty R-open neighborhood of ρ 0 in X Γ,G such that each point ρ in the neighborhood satisfies precisely one of the following conditions:
Proof. By Lemma 3.2 and Lemma 3.3, ρ 0 is a nonsingular point, and therefore belongs to a unique irreducible component C in X Γ,G . By Proposition 3.1, C contains an R-open neighborhood U of ρ 0 diffeomorphic to R d , where d is the dimension of the Zariski-tangent space at ρ 0 . With out loss of generality, we may restrict our attention to U. Furthermore, we claim that we may assume that for each representation of U is not contained in a parabolic subgroup of G. Indeed, as in the proof of Lemma 2.2, let {H 1 , . . . , H r } represent the finitely many conjugacy classes of maximal proper closed subgroups of G. As every maximal proper closed subgroup H of G is such that either H is parabolic or H
• is reductive, we may proceed by assuming, for the sake of simplicity, that H 1 is parabolic, and prove the claim for just this one subgroup. Note, not all H i are parabolic, for S(O(p) × O(q)) is a semisimple maximal proper closed subgroup of G. The condition on ρ ∈ X Γ,G that ρ is not contained in any G-conjugate of D is open in the real topology, where D is an irreducible component of X Γ,H 1 [LL, Proposition 3.1] . As ρ 0 is not contained in any parabolic subgroup of G, by shrinking U we may assume that U does not contain representations contained in H 1 or its G-conjugates. The claim follows.
By Proposition 3.6, there is an an R-open neighborhood U of ρ 0 such that each ρ ∈ U satisfies either the property (P) or the property (Q), but not both. Now, it easily follows from the Proposition 3.7, that there is an R-open neighborhood V of ρ 0 such that rank ss ρ ≥ rank ss ρ 0 for each ρ ∈ V . Consider W := U ∩ V . Then, W is an R-open neighborhood of ρ 0 , and each ρ ∈ W has the following properties:
(1) rank ss ρ ≥ rank ss ρ 0 , (2) ρ satisfies either the property (P) or the property (Q), but not both. Now, Lemma 3.8 and Proposition 3.9 together imply that a point in W which satisfies the property (P) must be dense in G. On the other hand, it is well known that a connected subgroup of G which satisfies the property (Q) must be conjugate to SO(p)×SO(q). As S(O(p)×O(q)) is the unique maximal proper closed subgroup containing SO(p) × SO(q) that also satisfies the property (Q), it follows that any point in W that satisfies the property (Q) must be conjugate to either SO(p) × SO(q) or S(O(p) × O(q)). The Theorem follows.
Main Theorem
We begin with the computation of the dimension of the centralizers of semisimple operators of finite order in SO(p, q) acting on so(p + q, C) under the adjoint representation. This is useful in estimating the dimension of the Zariski tangent space at the point ρ 0 : Γ → SO(p, q) with Zariski-dense image in SO(p) × SO(q).
Lemma 4.1. Let T be a semisimple operator of finite order d, acting on an n-dimensional complex vector space V . Let S be the set of eigenvalues of T and t λ be the multiplicity of the eigenvalue λ ∈ S. Then, the dimension of eigenspace corresponding to the eigenvalue 1 under the induced action of T on V is given by,
Proof. Let V λ be the eigenspace corresponding to the eigenvalue λ. The Lemma follows easily from the observation that the vectors of the form v w, where v, w are distinct, and either v, w ∈ W 1 , or v, w ∈ W −1 , or v ∈ V λ and w ∈ V λ , constitute a basis of +1 eigenspace of ( 2 V ) T . 
where the implicit constants depend only on d 1 , . . . , d m .
Proof. Let V := so(p + q, C).
. A brief computation using Lemma 4.1 establishes the Corollary:
Proposition 4.3. Let ρ be a non-singular point of X Γ, SO(p,q) with Zariski dense image in a maximal proper closed subgroup H which is also a connected reductive subgroup of SO(p, q). Suppose that the following inequality holds:
Then, the set of all representations with image in some conjugate of H constitute a proper closed subvariety in some R-open neighborhood of ρ.
Proof. Let G := SO(p, q) and let g := so(p, q). Let t G , resp. t H , denote the dimension of the Zariski tangent space at ρ considered as a point in X Γ,G , resp.X Γ,H . Furthermore, as ρ 0 is a non-singular point, by Proposition 3.1, there is an open neighborhood U of ρ in C diffeomorphic to R n , where n := dim C = dim t G . For the sake of clarity, we reproduce a part of the proof of Theorem 3.4 of [LL] . Consider the set of irreducible components {D 1 . . . D r } of X Γ,H each of contain ρ, and let D be their union. (Note, ρ may not be a non-singular point in X Γ,H , so it may not necessarily belong to a unique irreducible component of X Γ,H ). For each irreducible component C i consider the conjugation morphism
We reproduce a part of the proof of Theorem 3.4 [LL] : the fibers of this morphism have dimension at least dim H. Indeed, the action of
is free, and χ i is constant on the orbits of the action. Thus the image of χ i has dimension at most dim
then the image of χ i is less than n for all i, so that the set of representations in U with image contained in some conjugate of H constitute a proper closed subvariety of U. Now, for every Fuchsian group Γ, every R-algebraic group H with Lie algebra h, and every representation ρ : Γ → H with dense image, an upper bound on the dimension of the Zariski tangent space at ρ ∈ X Γ,H is given by [LL, Proposition 2.1]:
Since the dimension of each D i is bounded above by t H , it follows that the above bound also serves well as an upper bound for dim D. Now, recall a result of Weil [We] , the dimension t G of the Zariski tangent space at ρ is given by:
(Note, dim(g * ) Γ = 0). Using the expressions (4.4) and (4.5) in (4.3) we obtain the inequality of the hypothesis. The Proposition follows.
We now prove the main result of the paper.
Theorem 4.4. For every Fuchsian group Γ, and for every indefinite special orthogonal group G := SO(p, q), where p = q, q = p + 1, and p, q sufficiently large,
where the implicit constants depend only on Γ.
Proof. First, we establish the lower bound. By the Proposition 3.1 of [LL] , for sufficiently large p there exists a point σ ∈ X Γ,SO(p) , resp., τ ∈ X Γ,SO(q) with Zariski dense image in SO(p), and furthermore the multiplicity of every d Let K := SO(p) × SO(q). Then, ρ 0 is dense in K. By Lemma 3.2, the centralizer of K in G is finite, so that by Lemma 3.3 ρ 0 is a nonsingular point in X Γ,G . Therefore, ρ 0 belongs to a unique irreducible component C of X Γ,G , and so by the Proposition 3.1, there is an open neighborhood U of ρ in C diffeomorphic to R n , where n := dim C. By Theorem 3.10, the neighborhood U may be assumed to consist of representations each of which is either dense in G, or conjugate to SO(p) × SO(q) or S(O(p) × SO(q)). With H := K in the inequality (4.2) of the Proposition 4.3, we have the inequality reduced to the following simple form:
where C and D are constants that depend only d i . This inequality evidently holds when p and q are sufficiently large. Again, by Proposition 4.3, representations of the latter type, i.e, which are conjugate to either SO(p) × SO(q) or S(O(p) × O(q)) constitute a proper closed subvariety with empty interior in U. Therefore, the representations of the former type, i.e. which are dense in G, constitute an R-open, hence Zariski-dense, subset in C. Therefore, the dimension of X epi Γ,G is bounded below by the dimension of C, which in turn is equal to the dimension of the Zariski tangent space at ρ 0 . Now, by the Corollary 4.2 and the formula (1), the dimension of the Zariski-tangent space at ρ 0 is of the asymptotic order (1 − χ(Γ)) dim G + O(rank G), where the implicit constants depend only on Γ.
On the other hand, as noted in the §1, Proposition 2.1 of [LL] essentially gives the upper bound on the dimension of X epi Γ,G . The Theorem follows.
Final Remarks
All the results, except for the Theorem 4.4, remain valid for general finitely generated groups. Also, the results of the section §2 remain valid for general semisimple algebraic groups, not just only for SO(p, q) which is our main object of study in the paper.
Moreover, we observe that the results of section §3 should extend easily, with appropriate modifications, to the case of noncompact nonsplit symplectic groups Sp(p, q). For instance, skew-symmetric bilinear forms instead of symmetric bilinear forms should be considered and the representation ρ 0 : Γ → Sp(p, q) with Zariski dense image in Sp(p) × Sp(q) may be taken as the deformation point. On the other hand, these results do not generalize easily to the unitary groups SU(p, q). For instance, if we consider the deformation point as the representation ρ 0 : Γ → SU(p, q) with dense image in SU(p) × SU(q), then certainly Proposition 3.3 does not hold, for the centralizer of SU(p) × SU(q) in SU(p, q) is of dimension at least 1 and therefore Weil's result is not applicable to conclude that it is a nonsingular point in X Γ, SU (p,q) . The nonsingularity of the chosen deformation point ρ 0 is crucial, for it follows by the Implicit Function Theorem that there is an R-open subset contained in C and diffeomorphic R d , where C is the unique irreducible component to which ρ 0 belongs and d is the dimension of the Zariski-tangent space at ρ 0 . A different approach other than the one we took in this paper may be necessary.
